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MIXTURES OF HARD ELLIPSOIDS AND SPHERES : STABILITY OF THE
NEMATIC PHASE
CARLOS E. ALVAREZ AND MARTIAL MAZARS
Abstract
The stability of liquid crystal phases in presence of small amount of non-mesogenic impurities is of general interest for a large
spectrum of technological applications and in the theories of binary mixtures. Starting from the known phase diagram of the hard
ellipsoids systems, we propose a simple model and method to explore the stability of the nematic phase in presence of small impurities
represented by hard spheres. The study is performed in the isobaric ensemble with Monte Carlo simulations.
I. Introduction
Fluids containing elongated particles may present
a phase transition from an isotropic phase to liquid
crystal mesophase [1, 2, 3], in which orientational or-
der is present while there is only partial (smectic or
columnar phases) or no translational order (nematic
phase). A simple theoretical model for the isotropic-
nematic transition was described in the Onsager’s
theory [4] of long cylindrical particles. In this model,
the isotropic-nematic transition is entropy-driven by
the steric interactions.
After the first Monte Carlo computations on two
dimensional hard ellipses [5, 6] and three dimen-
sional spherocylinders[7], several hard core models
of mesogenic molecules have been developed and
used in computer simulations [3] and in density
functional calculations [8, 9, 10]. These studies have
permitted to obtain a better understanding of the liq-
uid crystal phases and their relations with the shape
of particles. The hard spherocylinder and spheroid
models are certainly among the most studied sys-
tems because of their simplicity.
The phase diagram for hard spheroids, both prolate
and oblate, has been obtained [11, 12, 13, 14] for dif-
ferent aspect ratios. The phase diagram for prolate
spheroids, depending on the density and aspect ra-
tio, has five different phases : isotropic, nematic and
three crystal phases [14] ; a plastic solid, a fcc crystal
and a simple monoclinic lattice with a basis of two
ellipsoids (SM2 crystal).
Additionally to the study of the properties of
monodisperse systems of rod-like or disk-like par-
ticles, there has been an increasing interest in the
behavior of mixtures of particles with different ge-
ometry [15, 16, 17, 18, 19, 20]. The properties of
these mixtures is of technological interest as the
presence of impurities in liquid crystal materials af-
fects the orientational order and the electrical prop-
erties of compounds [21, 22, 23]. For instance,
when the mole fraction of non-mesogenic cyclohex-
ane molecules increases in a liquid crystal phase
of octylcyanobiphenyls, one observes a decrease of
the nematic-isotropic transition temperature, mak-
ing the nematic phase less stable [24]. Obviously,
the stability of the mesogenic phases in presence
of impurities is strongly dependent on the nature
(steric, electrostatic, etc.) of the intermolecular inter-
actions between the impurities and the mesogenic
molecules. The present work focus on steric interac-
tions.
For mixtures of hard rods and spheres experimental
studies have been carried out [25, 26] along with the-
oretical [27, 28] and simulation counterparts [29, 15].
In these studies, a demixing into a sphere rich phase
and a rod rich phase may occur as the density and
molar fraction of spheres increases ; the rod phase is
in a liquid crystal state [27]. In the case of cylindri-
cal rods it has been observed that the presence of the
small spheres, after demixing, stabilizes the smectic
phase with the spheres located between the layers
of rods [28]. For hard Gaussian overlap particles at
constant volume, which are approximations to pro-
late spheroids, an increase in the molar fraction of
spheres destabilizes the nematic phase, postponing
it for larger volume fractions [15] (the sphere diame-
ter is equal to the minor axis of the spheroid) and for
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a sphere molar fraction of 0.5 a demixing of phases
is observed.
In this letter, using Monte Carlo simulations, we
present an exploratory analysis of the influence of
the addition of small spherical impurities in the ne-
matic phase of prolate spheroidal particles. We use
relatively small spheres to fit better into the inter-
stices between spheroids, in an attempt to postpone
the demixing observed in such systems to larger den-
sities and look instead at the effects on the stability
of the nematic phase of the spheroids for two differ-
ent aspect ratios. The simulations are done at con-
stant pressure, that makes easier the location of the
mixed system in the phase diagram of the pure sys-
tem and then extract the influence of the impurity
molar fraction on the stability of the nematic phase.
II. Model and numerical methods
The Monte Carlo simulations are performed in
the isobaric (NPT) ensemble, in which the pressure
P is chosen such that the pure system is located
in the nematic phase, as specified with the known
phase diagram of the monodisperse system of pro-
late spheroids [11, 14]. In order to estimate the
loss of stability of the nematic phase in presence
of small impurities, the isobaric ensemble should
be preferred to the canonical (NVT) ensemble, in
which the fixed volume may trap the system in a
finite region of the phase space or lead to some un-
physical demixing.
Two spheroid-sphere mixtures, with spheroids of
two different aspect ratios (3 and 4) are considered
in this work ; the number of spheroids is noted Ne
and Ns is the number of impurities (hard spheres).
Let R and R′ be respectively the major and minor
semiaxes of the spheroid, the aspect ratio is defined
by R/R′ ; the diameter σ of the small hard spheres
is chosen equal to the minor semi-axis R′ of the
spheriods with an aspect ratio 4. The volume of a
prolate spheriod is Ve = 4piRR′2/3 ; with the choice
of σ for the aspect ratio 4 mixture, the volume of the
small hard sphere is Vs = R′Ve/(8R) = Ve/32. For
the mixtures with spheroids of aspect ratio 3, we
have chosen to keep the volume ratio Vs/Ve = 1/32
constant, such as the total excluded volume due to
the sphere is in the same proportion in both mixed
systems. The important parameters in the model are
the shape (R/R′) and the molar fraction of spheroids
(xe = Ne/(Ne + Ns)).
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Figure 1. Scaling factor µ to obtain
tangent ellipsoids.
The reduced units used in this work are: the den-
sity of spheroids ρ∗e = 8RR
′2(Ne/V) = 8RR′2ρe with
V the volume of the simulation box and the pressure
defined by P∗ = 8RR′2βP with β = 1/kBT ; in hard
sphere systems (xe = 0) the reduced pressure is de-
fined as p∗ = βPσ3. For convenience of notations,
we drop the asterisks in the following.
Before starting equilibration, the initial conditions
for the systems were set by compressing them at a
high pressure (P = 30 for R/R′ = 3 and P = 25
for R/R′ = 4), while maintaining the orientation of
spheroids fixed in the z direction. From these initial
configurations the orientation of the spheroids was
freed and the systems were allowed to equilibrate.
From the initial conditions, 5× 105 equilibration MC-
steps are used to equilibrate the systems, then all
averages quantities are reset to zero and 2.5 × 105
additional MC-steps are used to compute averages
(1 MC-steps consist of N trial moves of particles,
plus one trial change of the volume of the simula-
tion box).
For mixtures with aspect ratio 4 spheroids, most of
the computations have been done with Ne = 1000
spheroids and with a number of spheres between 0
and 2000. For the larger molar fractions of spheres,
to keep the computation time reasonable, we have
decreased the number of spheroids (200 ≤ Ne ≤
1000). For all computations with this aspect ratio,
the pressure is fixed at P = 20.
The computations for mixtures with aspect ratio 3
spheroids are done with Ne = 500 and Ns between 0
and 1500 ; for these systems, the pressure is chosen
MIXTURES OF HARD ELLIPSOIDS AND SPHERES : STABILITYOF THENEMATIC PHASE3
at P = 25.
Subsequently, the molar fraction of small spheres,
defined as xs = Ns/(Ne + Ns), is increased to ob-
serve the influence of the concentration of small
spheres on the stability of the nematic phase of the
spheroids.
The correspondence between the reduced pressure p
for hard sphere systems and the reduced pressure P
for spheroids is given by
(1) p =
R′
8R
P
Since the coexistence pressure for the fluid-solid
first order transition for the hard sphere systems is
pliq/sol ≃ 11.6 [30], with the thermodynamical pa-
rameters chosen in our study, the pure hard sphere
system xs = 1 (xe = 0) is in the fluid phase for
P = 20 (i.e. p = 5/8 for systems with aspect ratio 4)
and for R/R′ = 3 with P = 25. With these choices
for the pressure of the mixtures (aspect ratio 3 and
4), the pure systems(xs → 0) are in a nematic phase
and the state for the infinite dilution of spheroids
(xs → 1) is the fluid of hard spheres.
0.2 0.4 0.6 0.8 1.0
x
e
0.1
1
10
Z
 Z
ee
 Z
ss
 Z
es
 Z
c
 Z
Figure 2. Partial compressibility factors
for systems with an aspect ratio R/R′ = 4. Z
is the imposed compressibility factor in the
isobaric ensemble and Zc is the computed
compressibility factor. Zee, Zss and Zes are
respectively the spheroid-spheroid, sphere-
sphere and spheroid-sphere contributions to
the compressibility.
To find overlaps between the particles, we use the
contact function derived earlier in refs.[6, 31] as de-
scribed below.
The orientation of an ellipsoid A and its shape are
defined by three vectors Ri (i = 1, 2, 3) whose direc-
tion and magnitude are those of the semiaxes of the
ellipsoid. The contact function is defined as
(2)
F(rAB,ΩA,ΩB) = max0≤λ≤1
(
λ(1− λ)rTABC(λ)rAB
)
If F(rAB,ΩA,ΩB) < 1, then overlap is found and if
F(rAB,ΩA,ΩB) = 1 the ellipsoids are tangent.
In Eq.(2), the matrix C(λ) is defined by
(3) C(λ) = [λB + (1− λ)A]−1
where the two matrices A(ΩA) and B(ΩB) are de-
fined from the cartesian orientation for each ellip-
soid as
(4) A(ΩA) =
3
∑
i=1
Ri(ΩA)R
T
i (ΩA)
and same definition for the ellipsoid B. On figure
3, we show some snapshots of the spheroid-sphere
mixtures for aspect ratios 3 and 4, at different molar
fraction of impurities.
Since, for all λ, the matrix C(λ) is positive definite,
we may write
(5) F(rAB,ΩA,ΩB) = µ
2
where µ is a scaling factor that produces two tan-
gent ellipsoids A and B (cf. Fig1) ; λm is the value
found in the maxima of Eq.(2).
Up to second order in density, the pressure in the
systems can be computed with the method proposed
by Perram and Wertheim [31], as
(6) βPc = ρ +
1
3V
〈
∑
{kl},k<l
2F(rkl) δ (F(rkl)− 1)
〉
,
where Pc is the pressure, β = 1/kBT, V is the vol-
ume and F(r) is the contact function between two
particles (spheroids and/or sphere).
The configurational integral for a system of N hard
convex particles in a volume V is
(7)
Q(V, N) =
1
(8piV)N N!
×
∫
· · ·
∫
dNrdNΩ ∏
{ij},i<j
Θ
(
F(rij,Ωi,Ωj)− 1
)
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Figure 3. Left: Configurations for the system spheroids of aspect ratio R/R′ = 3 at (a) xe = 0.910 (G2 =
0.56(3)),(b) xe = 0.625 (G2 = 0.27(9)), and (c) xe = 0.250 (G2 = 0.07(2)). Right: Configurations for the system
spheroids of aspect ratio R/R′ = 4 at (d) xe = 0.910 (G2 = 0.828(8)),(e) xe = 0.455 (G2 = 0.46(2)), and (f) xe = 0.333
(G2 = 0.08(2)).
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where Θ(x) is the Heaviside function. From the ther-
modynamic relation
(8) βP =
∂ ln Z
∂V
=
1
Z
∂Z
∂V
,
and the functional relation
(9)
∂
∂V ∏
{ij},i<j
Θ
(
F(rij,Ωi,Ωj)− 1
)
=

 ∑
{kl},k<l
F(rkl)δ(F(rkl)− 1)


× ∏
{ij},i<j
Θ
(
F(rij,Ωi,Ωj)− 1
)
Eq.(6) follows.
The difficulty in the computation of pressure as an
average with Eq.(6) stems from the Dirac distribu-
tion due to the hard core interactions. In Monte
Carlo computations, the probability of obtaining
configurations with tangent ellipsoids is too small
for a simple computation of the pressure with Eq.(6)
as an average over the MC trajectory in the phase
space. To overcome this difficulty, we count the
number of particles that overlap when a scaling fac-
tor µ2(> 1) is applied to all particles in the system
(cf. Fig.1). Then, for each value of µ2 chosen, we
compute the pressure according Eq.(6), this provides
Pc(µ2) ; the measurement of the pressure Pc for a
given configuration follows from an extrapolation of
Pc(µ2) at contact (µ2 = 1).
These computations are useful to check the consis-
tency of the NPT computations and it also permits
an analysis of results with the partial components of
the virial.
To compute the partial virials, the sum over pairs in
Eq.(6) is split into three contributions as
(10) Pab =
1
3V
〈
∑
{kalb}
′ 2F(rkalb) δ
(
F(rkalb)− 1
)〉
where the index ka runs over the spheroids if a ≡ e
or spheres if a ≡ s (same notations for lb) ; the
prime in the summation indicates that the contri-
butions ka = lb are excluded if a ≡ b. More pre-
cisely, in equation (10), Pee is the partial virial due
to spheroid-spheroid contact, Pss is the partial virial
due to sphere-sphere contact, and Pes is the partial
virial due to spheroid-sphere contact.
From the definition of partial virials, we define the
partial compressibility factors as
Zc =
βPc
ρc
= 1+
1
ρckBT
(Pee + Pes + Pss)
= 1+ Zee + Zes + Zss,(11)
where ρc is the average density obtained in the sim-
ulations.
A check of the consistency of the Monte Carlo com-
putations is achieved by comparing the applied com-
pressibility factor Z = βP/ρ in the isobaric ensem-
ble with the computed compressibility factor from
Eq.(11). This comparison is shown on Figure 2 for
systems with aspect ratio 4 ; as it is explicitly shown
in the figure, the agreement is excellent. On this
figure, we report also the partial compressibility fac-
tors, as defined in equation (11).
III. Mechanical stability of the nematic
phase in presence of spherical impurities
To measure the nematic order in the system we
use the order parameter G2, which is the largest
eigenvalue of the matrix
(12) Qαβ =
1
2Ne
Ne
∑
i=1
(
3µiαµiβ − δαβ
)
,
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Figure 4. Nematic Order parameter G2
for mixtures of spheroids and hard sphere for
systems with aspect ratio 4 and 3 as a func-
tion of the spheroid density (a) and spheroid-
spheroid partial compressibility factor (b).
where i denotes the particle and the indexes α and
β label the cartesian components of the unit vector
µˆ, parallel to the revolution axis of the spheroid.
In Figure 4, we represent the change of the order
parameter G2 against the spheroid density ρe and
spheroid-spheroid partial compressibility factor Zee.
As the molar fraction of spheroids xe increases, both
ρe and Zee increase and the system undergoes a
phase transition from the isotropic fluid to the ne-
matic phase.
From the phase diagram[11, 12, 14] of hard spher-
oid systems (xe = 1), the nematic phase for as-
pect ratio R/R′ = 4 is stable for particle density
0.7 . ρe . 1.04, and for an aspect ratio of 3, the
region of stability of the nematic phase is narrower
(1.0 . ρe . 1.1).
For the mixtures studied in this work, we lo-
cate roughly the isotropic-nematic transition at
xe(I/N) ≃ 0.45 and we compute ρe(I/N) ≃ 0.87
and Pee(I/N) ≃ 13 for systems with aspect ratio
4. For R/R′ = 3, the transition to the nematic
phase is less displaced: we found xe(I/N) ≃ 0.83,
ρe(I/N) ≃ 1.04 and Pee(I/N) ≃ 22, but the order is
also less marked (Fig.4) suggesting that the isotropic-
nematic coexistence is larger than that of pure sys-
tems.
In previous simulations, done on pure spheroid sys-
tems (xe = 1), the nematic-isotropic transition has
been located at ρI/N ≃ 1.0, with a coexistence pres-
sure P ≃ 18.7, for spheroids with aspect ratio 3 and
at ρI/N ≃ 0.7 for aspect ratio 4 (see for instance refs.
[11, 12, 14]). The locations of the isotropic-nematic
transitions in the mixtures show that the presence of
impurities destabilizes the nematic phase by increas-
ing the spheroid density at which the transition oc-
curs ; a larger spheroid-spheroid contribution to the
virial is also needed to obtain a significant nematic
order.
Figure 3 shows the configurations of the system in
the nematic and isotropic phases, and close to the
phase transition for the R/R′ = 3 and R/R′ = 4
cases.
It is possible also that at high enough molar frac-
tion of spheres, a demixing between hard spheres
and spheroids occurs, and then a reentrance of the
nematic phase in the spheroid-rich regions, simi-
larly as it was observed in previous studies [15, 27].
However, with the parameters chosen in the present
work, the size of the sample and within the length
of our simulations, we did not observe any signs of
demixing.
IV. Discussion
Since most the real substances are not pure, the
phase diagrams and the thermodynamic properties
of mixtures are of great importance for both techno-
logical and experimental applications.
The binary phase diagrams for the liquid gas transi-
tion are various and strongly dependent on the iden-
tity of the components of the mixture, at least there
exist six main classes of binary phase diagrams with
subclasses in each principal classes (see for instance
chapter 7 of ref.[32]). When solid regions of the
phase diagrams are added, the complexity of the bi-
nary phase diagrams may increase significantly [33].
In this communication, we have presented a simple
model of binary system and a method to study eas-
ily the stability of the nematic phase in presence
of small impurities. This binary mixture of hard
spheroids and spheres has two thermodynamical pa-
rameters : the pressure P and the impurity molar
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fraction xs ; and two geometrical parameters : the
aspect ratio R/R′ of the spheroids and the volume
ratio Vs/Ve. At fixed geometrical parameters and
pressure, we have shown that the isotropic-nematic
transition can be studied quite easily. A longer study
would explore the full (P, xs)-region for various as-
pect ratio, at a fixed volume ratios ; knowing that
phase diagrams at xs = 0 is the phase diagram of
the pure spheroid systems [14] and at xs = 1, for
Vs/Ve = 1/32 because of Eq.(1), the system is a gas
of hard sphere.
For the two aspect ratios considered in the present
work, the increase of the impurities molar fraction
renders the nematic phase less stable. There are
some indications that as the aspect ratio of the
spheroids decreases, the coexistence region between
the isotropic and nematic phases becomes larger.
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